Abstract-Veritable snapshots-in-time of the vector fields in the classic problem of plane wave refraction at a planar interface are drawn simply and directly using a contour-plotting routine. These field pictures, together with the antecedent mathematics, give students and teachers a panoramic view of the pertinent wave physics. Classroom examples and computer assignments, based on the methodology of this paper, help to underscore the real physical nature of our subject called electromagnetics.
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I. INTRODUCTION
U SE of a contour-plotting routine, requiring a minimum of computer programming, can breathe new life (from both teachers' and students' perspectives) into the physics under the myriad of complex exponentials, coefficients, and vector operations that lead to Snell's laws for wave reflection and refraction as given in the typical undergraduate course in electromagnetics. Of course this two-dimensional boundary value problem can be encountered when any linear wave impinges upon the interface separating two homogeneous halfspaces. The concise presentation here is in the language of electromagnetics. It is in such an electrical engineering course that this fruitful problem, which exhibits so many physical interactions and variations in space and time, can pave the way for the study of wave transmission via open and closed waveguides and lead to the ray-based paradigm of geometrical optics.
The single value of this paper is the array of pictures, actually snapshots in time of the field-lines in space, along with a simple prescription to produce them. A new perspective is gleaned simply from seeing these fields, for teachers and researchers in electromagnetics who have already derived and studied the following familiar equations, and also for the novice who is still grappling with the concept of complex phasors that represent time-harmonic vectors which bounce around and change direction. Some texts already do an excellent job of providing field pictures to accompany the mathematics; a notable example is the book by Haus [1] . Armed with a contour plotter and the geometrical understanding of the curl operation in Section III, the reader can generate beautiful pictures and witness the spatial movement and time evolution of vector fields in a plane. Students can independently run any variation of the constitutive parameters and incident wave angle as a computer experiment. Such interaction can build physical insight and appreciation of the operands of Maxwell's equations. In solving the time-harmonic problem, the various wavenumbers are the natural parameters to use [2] , in contrast to wavelength or velocity, because the subsequent mathematics simplifies and all lineal dimensions are scaled by an appropriate . The goal here is to present the simplest, logical account and interpretation of the conventional derivation of Snell's laws for beginning students and their teachers. The following terse summary of the problem reflects this philosophy. Note that the assorted vector wavenumbers are chiefly written in terms of their Cartesian components, without the explicit appearance of the sine and cosine functions of the three angles in each step of the development. One pedagogical advantage of this notation is the avoidance of interpreting the form as a complex number in the case of total internal reflection.
II. ANALYSIS: PERPENDICULAR POLARIZATION
The incident plane wave of Fig. 1 is polarized with the electric field directed out of the page, in the direction, which is perpendicular to the plane of incidence. Parallel polarization can then be treated immediately through duality, in terms of a -directed magnetic field. (2) are simplified as the algebraic forms
In terms of suitable vector wavenumbers and wave amplitudes, general expressions for the incident, reflected, and transmitted waves are
Cartesian components of the three vector wavenumbers are
and each must represent a legitimate wave in its domain and
Geometrically, these Cartesian components can be expressed in terms of the three angles measured from the interface normal
where this interpretation of is contingent upon the formation of an actual propagating wave in medium 2. Continuity of tangential electric field and magnetic field intensities across the interface at , with the introduction of the Fresnel reflection and transmission coefficients and (10) yields, respectively,
The key and experienced observation that the only way for these boundary conditions to hold for all is if the -behavior of all the fields is identical to that of the incident field, i.e.,
is commonly called "phase matching." Snell's laws of reflection and refraction and (13) follow immediately from the geometrical interpretation of (9), where and are the indices of refraction, and , , etc., define the relative permittivity and permeability.
Two distinct physical situations to consider are the following.
(1) , i.e., Then is a positive, real number and the field in region 2 is a propagating plane wave (14) (2) , i.e., Then with real and positive and the field in region 2 is evanescent (15) The value of such that is called the critical angle . Fig. 2 depicts clearly, and without any algebra, the relationship between the incident vector wavenumber and the vector wavenumber that is transmitted into a less (optically) dense material. As the incidence angle approaches the critical angle, the onset of the grazing surface wave (15) at is apparent.
Upon cancelling the common exponential factors, the pair of (11) are solved for the Fresnel coefficients [3] and (16) Note that if and if , then and the magnitude of the reflection coefficient is (17) and hence "total internal reflection" accurately describes the situation when the incident angle exceeds the critical angle.
Another limiting case, the absence of the reflected wave, occurs for the special incidence angle called the Brewster angle 
The structure of the complex Poynting vector in region 2 depends on the propagating or evanescent nature of the trans-mitted wave for for (20) and explicitly displays the exponential decay into material 2 in the case of the evanescent wave, which carries no timeaverage power normal to the interface since the -component is imaginary.
III. INSTANTANEOUS VECTOR FIELD-LINES FROM SCALAR CONTOURS
Associated with the single component of electric field intensity in the two-dimensional domain of Fig. 1 , is the magnetic field intensity (21) The gradient of is a vector field in the plane that is orthogonal to the contours of constant , and so is an instantaneous vector field tangent everywhere to the contours. The magnitude of this new vector field is equal to the magnitude , and therefore contours of constant are automatically a picture of the field , with the density of contours being proportional to the field strength [4] .
A picture of the spatial variation of the vector magnetic field at any time is thus generated by contours of constant values of the real, scalar function
The constant factor is of minor consequence here, while in view of (1), inclusion of the factor has the effect of maintaining the phase reference of the incident wave (4) at the coordinate origin . Felicitous contourplotting routines are readily available in several computing environments, including MATLAB and the DISSPLA Fortran package.
In addition to the central topic of plane wave refraction, this paper can serve as an example to students of sensible parameterization to reduce the apparent number of independent variables. Such engineering presentations are clearer than blindly selecting specific numerical values for each physical quantity that appears at the outset of the original problem. For example, all of the graphical results in this paper are drawn not as a function of the original coordinates , but of the dimensionless variables . Consequently, absolute frequency is not needed, and the remaining set of independent parameters are the angle of incidence and the relative constitutive parameters . Actually the ratio of the refractive indexes is of primary importance here, but also appears in the case of perpendicular polarization.
Specifically, in the following results, the domain of the magnetic field diagrams is the square region ; where to be consistent with Figs. 1 and 2 , the axis is vertical (tangent to the interface) and the axis is horizontal (normal to the interface). The Fortran subroutine of Fig. 3 returns the complex value of , while also serving as an example of how easily and efficiently the complex arithmetic of Section II can be arranged for computation. Fig. 4(a) -(c) is snapshots at (normalized) time of the magnetic field lines resulting from a perpendicularly-polarized plane wave incident from in air upon a dielectric half-space having , , and , respectively. As increases, all of these field patterns propagate in the -direction, tangent to the interface, with phase velocity . This is required by the periodic -behavior common to all fields on each side of the boundary, and is observed in frames drawn at various . In all three of Fig. 4(a)-(c) , the transmitted field (right half of the domain) is a single plane wave propagating at successively smaller angles . Magnetic field lines in the standing wave to the left of the interface are not unidirectional, and they either form closed loops or extend to infinity. Hence the name solenoidal is applied to such a divergence-free field. Note that, through the duality principle alluded to in the beginning of Section II, which requires an interchange between and and between and , these pictures are also the electric field lines for the exact, dual case of parallel polarization. The relatively small dielectric contrast of Fig. 4 (a) results in a small standing wave ratio in material 1, while the large material discontinuity of Fig. 4(c) produces a strong reflection, thus creating a substantial standing wave via constructive and destructive interference with the incident wave.
IV. RESULTS AND PHYSICAL INTERPRETATION
The critical angle of incidence for light entering a less dense medium from a more dense dielectric is . Fig. 5 (a) depicts the case of critical incidence, wherein there is no -variation in medium 2. As the incidence angle surpasses , at [ Fig. 5(b) ] and increases to [ Fig. 5(c) ], the surface wave in material 2 is pulled closer to the boundary.
In electrodynamics, as in magnetostatics, the -field lines experience a change in direction at an interface between media of different permeabilities. Fig. 6 demonstrates such behavior for the particular parameters , and . Again, the duality principle applies and Fig. 6 is also a snapshot of the electric field lines for the case of parallel polarization incident from . As stated, the permeability contrast is responsible for the change in direction of across the boundary. Furthermore, setting maintains a homogeneous wave impedance . Practically, this is a rather arbitrary choice for the depicted case of perpendicular polarization, but it does simplify the above duality, with no required numerical adjustments for Fig. 6 to exactly apply with the alternate polarization.
V. CONCLUSION
The opportunity to actually see the field lines that result from plane wave excitation of the planar interface problem provides a new and exciting level of insight in undergraduate electromagnetics. Introduction of such a simple and powerful graphical tool for students can help them to experience the connection between the mathematics and the physics of this important wave phenomenon.
